Table 1:

Properties of the Continuous-Time Fourier Series

“+oo —+00

LL’(T,) _ Z akejkwot: Z akejk(Zw/T)t

k=—o00 k=—o00

1 . 1 .
ap = ?/Tx(t)e_’k“’otdt = /Tx(t)e_ﬂ“(z”/T)tdt

Property Periodic Signal Fourier Series Coefficients
x(t) | Periodic with period T and ay
y(t) | fundamental frequency wy =27/T by
Linearity Ax(t) + By(t) Aay, + Bby,
Time-Shifting x(t — to) ape Ihwoto — g, e=IRT/T)to
Frequency-Shifting eIMwot — oM (2r/ T)tx(t) A\
Conjugation x*(t) a’y
Time Reversal x(—t) a—_y,
Time Scaling z(at),a > 0 (periodic with period T'/«) a
Periodic Convolution / x(T)y(t — 7)dr Taby,
T .
Multiplication x(t)y(t) Z arbg_;
l=—00
dx(t 2
Differentiation Zi ) Jkwoay = jk%ak
t :
, (finite-valued and 1 B 1
Integration /_OO x(t)dt periodic only if ag = 0) T ap = TE@r/T) ay
Qp = a*—k
R = Re{a_
Conjugate Symmetry 2(t) real %ﬁ«?ﬁlz}} B —6{36;71?}0; 1
for Real Signals ks = —k
|ax| = la_]
Far = —Fa_i

Real and Even Sig-
nals

Real and Odd Signals

Even-Odd Decompo-
sition of Real Signals

x(t) real and even ay real and even

x(t) real and odd

{ we(t) = Evfa(t)}
o(t) = Od{x(t)}

aj purely imaginary and odd

[z(t) real]
[z(t) real

Re{ar}

JSmiag}

Parseval’s Relation for Periodic Signals
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Table 2: Properties of the Discrete-Time Fourier Series

§ akejkwon — § akejk(%r/N)n

k=<N> k=<N>
1 . 1 _
ap = N Z :L'[n]e_ka(’" _ N Z l’[n]€_jk(27r/N)n
n=<N> n=<N>
Property Periodic signal Fourier series coefficients
x[n] | Periodic with period N and fun- ar | Periodic with
y[n] [ damental frequency wo = 27/N by, period N
Linearity Azx[n| + By[n| Aay, + Bby,
Time shift x[n — ng| age Ik@T/N)no
Frequency Shift eI M@T/NIR )] Ag— 1
Conjugation x*[n] a,
Time Reversal x[—n] a_y,
. . . 1 viewed as
Time Scaling T(my[n] = { g[n/m] li nasa rilultlpllet.o fl mn ¢ —ay, <peri0dic with
if n is not a multiple of m  m period mN
(periodic with period mN)
Periodic Convolution Z zlrly[n — 7] Nayby
r=(N)
Multiplication x[nly[n] Z aby—
I=(N)
First Difference z[n] — x[n — 1] (1 — e 9kCEm/N)y g,
. - finite-valued and 1
Running Sum k_z: :L'[k] (periodic only if ag =0 ) ((1 — e—jk(ZW/N))) Ok
ap = CL*_k
R = Re{a_
Conjugate Symmetry #[n] real %figs}} _ _e{%in?i )
for Real Signals kI— -k
|ak| = la_l
Far = —Fa_p
Real and Even Signals z[n] real and even ay real and even
Real and Odd Signals  z[n] real and odd aj, purely imaginary and odd
Even-Odd Decomposi-  z¢[n] = &v{z[n]} [z[n] real] Re{ar}
tion of Real Signals zo[n| = Od{z[n]} [z[n] real JSm{ag}

Parseval’ Relation for Periodic Signals
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Table 3: Properties of the Continuous-Time Fourier Transform

1 [~ ,
x(t) = %/ X (jw)e dw

X (jw) = /_ T a()e

[e.9]

Property Aperiodic Signal Fourier transform
x(t) (Jjw)
y(t) Y(jw)
Linearity ax(t) + by(t) aX (jw) + Y (jw)
Time-shifting x(t —to) e v X (jw)
Frequency-shifting eIty (t) X(j(w—wo))
Conjugation z*(t) X*(—jw)
Time-Reversal x( t) X(—jw)
1 :
Time- and Frequency-Scaling x(at) m ‘%
Convolution x(t) * y(t) X(jw)Y (jw)
Multiplication x(t)y(t) X(jw) * Y (jw)
d : :
Differentiation in Time E jwX ( Jw)
1
Integration / x(t —X(jw) + 71X (0)d(w)
- jw
d
Differentiation in Frequency tz(t) j%X (Jw)
X(jw) = X*(—jw)
. Re{X (jw)} = Re{ X (—jw)}
gi?;i]zﬁfate Symmetry for Real 2(t) real Sm{X (jw)} = —Sm{X(—jw)}
X (o) = X (—j)|
q . Lo FX(jw) = —F X (—jw)
Sffgl;l:;etry or Real and Tven x(t) real and even X (jw) real and even
gi]gr;lglftry for Real and Odd x(t) real and odd X (jw) purely imaginary and odd
Even-Odd Decomposition for — x.(t) = Eo{z(t)}  [z(t) real Re{ X (jw)}
Real Signals zo(t) = Od{z(t)} [z(t) real]  jSOIM{X(jw)}

Parseval’s Relation for Aperiodic Signals
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Table 4: Basic Continuous-Time Fourier Transform Pairs

Signal

Fourier transform

Fourier series coefficients
(if periodic)

—+00
Z age’ kwot

+o0o
27 Z aid(w — kwp)

ag
k=—00 k=—00
Jwot — o =1
e 2m6(w — wo) ar =0, otherwise
cos wot 7[0(w — wo) + 0(w + wo)] a; =a_1 = % .
ar =0, otherwise
T
. ™ a1 = —0-1 = 5=
t S10(w —wo) =0 .
sinwy j [6(w —wo) = d(w + wo)] ap =0, otherwise
a(]:l’ ak:(),]{?#o
z(t) =1 270 (w)

resentation for any choice of

(this is the Fourier series rep—>
T>0

Periodic square wave
1 |t| <Ti
ty=4
z(t) {Q T <|t|]<Z

“+oo .
2 sin kwoT}
Z M(;(w — kwo)

w0T1 . (k’onl > sin ]{,’onl
sinc =

and W k 0 0 km
z(t+T)=z(t)
+oo +o0o
2m 2rk 1
PR o k_z 5 <w _ T) o = % for all
(1) 1, |t <Ty 2sinwT)
0, ‘t‘ > T w
sin Wt L |w<W
Tt X(5w) _{ 0, |w|>wW
o(t) 1
1
u(t) i + 7 (w)
5(t —to) e~ Jwho
1
“y(t), R >0
e~u(t), Refa) =
te”u(t
e :L( ), Re{a} >0 CESE
ﬁe_“tu(t), 1
Re{a} >0 (a + jw)"




Table 5: Properties of the Discrete-Time Fourier Transform

1

- X Jwy ,Jjwn
x[n] o, ()" dw
X(e) = > an)e "

Property Aperiodic Signal Fourier transform

x[n] X(e?¥) | Periodic with

y[n] Y (/%) period 27
Linearity x[n] + by[n] aX (e’) + bY (&%)
Time-Shifting x[n — ng| eI X (e7¢)
Frequency-Shifting 70" ] X (ewmw0))
Conjugation x*[n] X* (e_‘]‘”)
Time Reversal x[—n] X(e™)

: : _ Jz[n/K], if n = multiple of k ik
Time Expansions Ty[n] = {O, if 1 2 multiple of k X (™)
Convolution x[n] * y[n] X(e™)Y (&%)
1 ) )

Multiplication x[nly[n] X (Y (/@99

Differencing in Time

Accumulation

Differentiation in Frequency

Conjugate Symmetry for

Real Signals

Symmetry for Real, Even

Signals

Symmetry for Real, Odd
Signals
Even-odd Decomposition of

Real Signals

x[n] real

x[n] real and even

x[n] real and odd

we[n] = Ev{z(n]}
o[n] = Od{x[n]}

[z[n] reall
[z[n] real]

o
(1—e)X ()
L x(e)

1—ew
“+oo

+7X (e°) Z d(w — 27k)

k=—o00
AdX (e??)
J dw

X(e?) = X*(e7%) _

Re{X (/) } = Re{X(e™*)}
Sm{X (e™)} = —SIm{X(e™*)}
| X ()] = [X(e7)|

FX () = =X ()

X (%) real and even

X (e’*) purely

imaginary and odd
%e{X(ejw)}
JIm{X (")}

Parseval s Relation for Aperiodic Signals
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Table 6: Basic Discrete-Time Fourier Transform Pairs

Fourier series coefficients

Signal Fourier transform (if periodic)
) 2rk
Z akejk(Q’T/N)” 2w Z ard <w — L) ag
k=(N) k=—o0
- e :MT? k + N,m+ 2N
Jwon o . , =m,m ,m yees
e 2 l_z 0(w — wp — 27l) ap = { 0 otherwise
- (b) 42 irrational = The signal is aperiodic
- @ =
5, k=®m,Im+E£ N, +m £ 2N, ...
_ _ _ - 27 3 3 )
COS Wy ﬂ'lZ {0(w —wo — 27l) + 0(w + wo — 27l) } ap = { 0. otherwise
- (b) 52 irrational == The signal is aperiodic
(&) wo =%
5 k=r,r+ N, r£2N,...
sin won - Z {(w—wop—27ml) —0(w+wo—2nl)} | ar = —2—127 k=-r,—r+ N,—r+2N,...
S S—— 0, otherwise
(b) 52 irrational = The signal is aperiodic
+oo
B [ 1, k=0,£N,42N,...
z[n] =1 27 Z §(w — 2ml) ag = { 0. otherwise

l=—00

Periodic square wave
<

sin[(2mk/N)(N143)]

2 k =
Ny < |n] < N/2 27 Z ard (w - L) Ak QNﬁsiin[zm/zN] » k#0,£N,£2N, ...
and k=—o00 ar = TN kZO,:tN,:tQN7...
zln + N) = aln]
= = 21k 1
Z&[n—kN] 25 W ap = — for all k
k=—00 k——oo N
n
1 .
a"uln], |a| < T
2[n] 1, |n| <M sinfw(Ny + 3)] —
0, In[>MN sin(w/2)
1, 0<|w|<W
sinWn _ W Wn _ ) > >
s e () KOS LA -
T X (w)periodic with period 27
d[n] 1 —
1 =
u[n] P + k;w o (w — 27k) —
5[7l — no] e Jwno .
1
(n+r—1)! 1
" 1 -— .
n'(r 1)! @ [ ] |a| < (1 — ae—]w)r




Table 7: Properties of the Laplace Transform

Property Signal Transform ROC
x(t) X(s) R
x1(t) Xi(s) Ry
xo(t) Xa(s) Ry
Linearity azi(t) + bxa(t) | aXi(s) + bXo(s) | At least Ry N Ry

Time shifting

Shifting in the s-Domain

Time scaling

Conjugation

Convolution

Differentiation in the Time Domain
Differentiation in the s-Domain

Integration in the Time Domain

esotx(t)

—X
ds

1

-X

X (s)

R
Shifted version of R [i.e., s is
in the ROC if (s — so) is in
R]

“Scaled” ROC (i.e., s is in
the ROC if (s/a) is in R)

R

At least Ry N Ry
At least R

R

At least RN {Re{s} > 0}

Initial- and Final Value Theorems

If 2(t) =0 for t < 0 and x(t) contains no impulses or higher-order singularities at ¢ = 0, then

z(01) = lim,_ o sX(8)

If x(t) =0 for t < 0 and x(t) has a finite limit as ¢ — oo, then

limy o () = limg_o X ()




Table 8: Laplace Transforms of Elementary Functions

Signal Transform | ROC
1. 8(t) 1 All's
2 u(t) % Re{s} > 0
3. —u(—t) % Re{s} < 0
PR e Rels} > 0
" (n— 1)!u sm as
LA 1 Re{s} < 0
T - o 8
6. e u(t) —il- Re{s} > —«
s+ a
7. —e u(—t) . —11- - Re{s} < —a
L ! Re(s} > -
RO stay |77
0. - oty ! Re(s} < -
SO T stap |7
10. §(t —T) T All's
11. [coswot]u(t) = ij Re{s} >0
0
12. [sinwot]u(t) 5 ‘i‘)uﬂ Re{s} > 0
0
13. [e=* cos wot|u(t) s +sa—|)-2oz+ — Re{s} > —«
0
14. [e=* sin wot|u(t) G C:;g —y Re{s} > —a
0
d™o(t)
15. = n All
5. u,(t) m s S
16. u_p(t) = u(t) * - - *xu(t) — Re{s} >0
- 2 s

n times




Table 9: Properties of the z-Transform

Property Sequence Transform ROC
x[n] X(2) R
x1[n] Xi1(2) Ry
T[] Xo(2) Ry
Linearity axyi[n] + bxa[n] aX1(z) +bXs(z) At least the intersection

Time shifting

Scaling in the

z-Domain

Time reversal

Time expansion

Conjugation

Convolution

First difference

Accumulation

Differentiation
in the z-Domain

edonxln)

zpx(n|

a"x[n]

T [n] = {

for some integer r

x[r], n=rk
0, n #rk

27" X (z2)

X(e—jwoz)

X(z)

X(at2)

Initial Value Theorem
If 2[n] = 0 for n < 0, then
z[0] = lim, .o X (2)

of Ry and Ry

R except for the
possible addition or
deletion of the origin

R

ZQR

Scaled version of R
(i.e., |a|R = the
set of points {|a|z}
for z in R)

Inverted R (i.e., R

= the set of points

27! where z is in R)
Rl/k

(i.e., the set of points z/*
where z is in R)

R

At least the intersection
of Ry and Ry

At least the

intersection of R and |z| > 0

At least the

intersection of R and |z| > 1

R




Table 10: Some Common z-Transform Pairs

Signal Transform ROC

1. d[n] 1 All 2

2. u[n] — |z| > 1

3. u[—n —1] — |z| <1

4. 0[n —m] z™™m All z except
0 (if m >0) or
oo (if m < 0)

5. auln] — 2] > |af

6. —a"u[—n — 1] — |z] < |

7. nauln] % 2] > |a

8. —na’u[—n — 1] % || < |

9. [cos won]u[n] 1_[;Z£Z‘f(:]’§}fiz,2 |z] > 1

10. [sinwon]uln] 1_[2?(:&?]];:11272 |z] > 1

11 [ coswonluln]  par i [z >

12. [r™sinwon|u[n] Irsinwolz |z| >r

1—[2r coswo|z— 147122

-2




